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Abstract
We consider an analogue of Artin’s primitive root conjecture for algebraic numbers which are not units
in quadratic fields. Given such an algebraic number α, for a rational prime p which is inert in the field,
the maximal possible order of α modulo (p) is p2 − 1. An extension of Artin’s conjecture is that there
are infinitely many such inert primes for which this order is maximal. We show that for any choice of 113
algebraic numbers satisfying a certain simple restriction, at least one of the algebraic numbers has order at
least p
2−1
48 mod (p) for infinitely many inert primes p.
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1. Introduction
This paper is a continuation of the paper “Primitive roots in quadratic fields” [5]. In that paper
we considered an analogue of Artin’s primitive root conjecture for units in real quadratic fields.
Given such a non-trivial unit, for any rational prime p which is inert, the maximal order of the
unit modulo (p) is p+1. An extension of Artin’s conjecture is that there are infinitely many such
inert primes for which this order is maximal. This is known at present only under the Generalized
Riemann Hypothesis. Unconditionally, we showed that for any choice of 7 units in different real
quadratic fields satisfying a certain simple restriction, at least one of the units satisfies the above
✩ This paper consists of part of the author’s PhD thesis. Supported by grants from the Technion-Israel Institute of
Technology.
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430 J. Cohen / Journal of Number Theory 124 (2007) 429–441version of Artin’s conjecture. In this paper we want to extend this result for any algebraic integer
modulo (p) for an inert prime p and for any quadratic field. We will prove
Theorem 1.1. Let Δ be any square-free integer, K = Q(√Δ) be a quadratic field, and σ the
non-trivial automorphism of K . Let {αi}113i=1 be a set of 113 integers of K such that:
(1) The norms N(αi) = αiσ (αi) of the αi ’s, are multiplicatively independent (we say that
r integers a1, . . . , ar are multiplicatively independent if for any integers n1, . . . , nr ,
a
n1
1 · · ·anrr = 1 ⇒ n1 = · · · = nr = 0).
(2) The numbers M(αi) = σ(αi)/αi are multiplicatively independent.
Then at least one of the 113 integers has order at least p2−148 mod (p) for infinitely many rational
primes p which are inert in K .
Note that in the case of split primes, Narkiewicz [9] proved a much stronger result.
Since in our case p is inert, the order of (OK/pOK)∗ is p2 −1, which is not “linear,” as some
of its divisors are too big and we cannot use the method of [8]. But since p2 −1 = (p−1)(p+1)
can be factored into two linear factors, with the following remark we can still use the method
of [8].
Remark 1.2. Consider an algebraic number α in K = Q(√Δ). Let (p)  α be an inert prime
in K . Since
(1) M(α) ≡ αp−1 (mod (p)),
(2) N(α) ≡ αp+1 (mod (p)),
we have:
ord
(
M(α)
) ∣∣ ord(α) (mod (p)) and ord(N(α)) ∣∣ ord(α) (mod (p)).
In addition:
ord
(
M(α)
) ∣∣ p + 1 and ord(N(α)) ∣∣ p − 1.
But for odd p,
(p − 1,p + 1) = 2.
So
ord
(
M(α)
)
ord
(
N(α)
) ∣∣ 2 ord(α) (mod (p)).
Let e1 and e2 be any integers. If we prove that M(α) and N(α) have simultaneously at least
orders p+1
e1
and p−1
e2
, respectively, then we will obtain that α has at least order p
2−1
2e1e2 . This way
we reduce the problem to two “linear” problems.
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case.
Note 1.3. Since there are infinitely many algebraic numbers α such that N(α) = p where p is a
prime (see [2, Theorem 4, p. 175]), we have infinitely many algebraic numbers α which satisfy
the conditions in Theorem 1.1.
2. Notation and preliminaries
Let π(y;m,s) be the number of primes p  y such that p ≡ s (mod m), where m and s are
any integers, and
E(y;m,s) := π(y;m,s) − Li(y)
ϕ(m)
,
where Li(y) = ∫ y2 dtlog t . Also set
E(x;m) := max
1yx
max
(s,m)=1
∣∣E(y;m,s)∣∣.
Denote A = {p2 − 1 | p  x, p ≡ u mod v} where u, v are some given integers such that
(u, v) = 1, and take X = Li(x)
ϕ(v)
.
For a square-free integer d satisfying (d, v) = 1, denote
|Ad | :=
∣∣{a ∈A: a ≡ 0 mod d}∣∣
= ∣∣{p2 − 1: p  x, p ≡ u mod v, p2 − 1 ≡ 0 mod d}∣∣.
Hence (see [7, p. 23])
|Ad | =
d∑
m=1
m2−1≡0 mod d
∣∣{p | p  x, p ≡ u mod v, p ≡ m mod d}∣∣.
By the Chinese Remainder Theorem, for each m there exists an integer lm such that
|Ad | =
d∑
m=1
m2−1≡0 mod d
∣∣{p ∣∣ p  x, p ≡ lm (mod dv)}∣∣
=
d∑
m=1
m2−1≡0 mod d
π(x;dv, lm).
By the definition of E(x;dv, l), since (d, v) = 1 we have
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d∑
m=1
m2−1≡0
(
Li(x)
ϕ(d)ϕ(v)
+E(x;dv, lm)
)
= Li(x)
ϕ(d)ϕ(v)
d∑
m=1
m2−1≡0 mod d
1 +
d∑
m=1
m2−1≡0 mod d
E(x;dv, lm)
= Li(x)
ϕ(d)ϕ(v)
ρ(d)+
d∑
m=1
m2−1≡0 mod d
E(x;dv, lm)
where
ρ(d) =
d∑
m=1
m2−1≡0 mod d
1.
Note 2.1. ρ(q) = 2 for any prime q . Hence (ρ(q) is a multiplicative function) for any square-
free d , ρ(d) = 2ν(d) where ν(d) denotes the number of distinct prime divisors of d .
Hence
|Ad | = ρ(d)
ϕ(d)
Li(x)
ϕ(v)
+
d∑
m=1
m2−1≡0 mod d
E(x;dv, lm)
= 2
ν(d)
ϕ(d)
X +
d∑
m=1
m2−1≡0 mod d
E(x;dv, lm).
For any prime q define ω(q) := 2q
ϕ(q)
. For d square-free let ω(d) =∏q|d ω(q) = 2ν(d)dϕ(d) and
Rd := |Ad | − ω(d)
d
X =
d∑
m=1
m2−1≡0 mod d
E(x;dv, lm). (2.1)
Finally, we recall the Möbius function:
μ(d) =
⎧⎨
⎩
1 if d = 1,
(−1)k if d = p1 · · ·pk is the product of distinct primes,
0 otherwise.
We now prove two lemmas to be used with the sieve formula in the next section.
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this lemma):
0 2
q − 1 
1
2
, (2.2)
∑
wq<z
(q,v)=1
2
q − 1 logq − 2 log
z
w
= O(1) (2w  z) (2.3)
where the O(1) constant is independent of z and w, and
∏
3<q<z
qv
(
1 − 2
q − 1
)
 1
log2 z
. (2.4)
Proof. Since q > 3, it is clear that (2.2) holds.
As for the second equality,
∑
wq<z
(q,v)=1
2
q − 1 logq = 2
∑
wq<z
(q,v)=1
logq
q
q
q − 1
= 2
∑
wq<z
(q,v)=1
logq
q
(
1 + 1
q − 1
)
= 2
∑
wq<z
(q,v)=1
logq
q
+ 2
∑
wq<z
(q,v)=1
logq
q(q − 1) .
Since
∑
p<x
logp
p
= logx + O(1) (see [4]) we obtain
∑
wq<z
(q,v)=1
2
q − 1 logq = 2 log
z
w
+ O(1),
which is (2.3). Finally,
∏
3<q<z
qv
(
1 − 2
q − 1
)

∏
3<q<z
(
1 − 2
q − 1
)
= exp
(
log
∏
3<q<z
(
1 − 2
q − 1
))
= exp
( ∑
3<q<z
log
(
1 − 2
q − 1
))
 exp
( ∑ (
− 2
q − 1 −
4
(q − 1)2
))
.3<q<z
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2
q − 1 =
2
q
+ 2
q(q − 1) 
2
q
+ 2
(q − 1)2
and
∑
3<q<z
2
(q−1)2 converges, we get
∏
3<q<z
(
1 − 2
q − 1
)
 exp
(
−
∑
3<q<z
2
q
)
.
Since (see [4])
∑
3<q<z
2
q
= 2 log log z + O(1),
we have
exp
(
−
∑
3<q<z
2
q
)
 exp(−2 log log z) = 1
log2 z
,
which completes the proof. 
Lemma 2.3. For any square-free natural number d with (d, v) = 1 and any real number A > 0,
there exist constants c2, c3  1 (c3 = c3(v)) such that for X > 2
∑
d< X
1/2
(logx)c2
μ2(d)3ν(d)|Rd | c3 XlogA X . (2.5)
Proof. Denote by SR the left-hand side term of (2.5). By the definitions of Rd (2.1) and
E(x;dv), we have
SR =
∑
d< X
1/2
(logx)c2
μ2(d)3ν(d)
d∑
m=1
m2−1≡0 mod d
E(x;dv, lm)

∑
d< X
1/2
(logx)c2
μ2(d)3ν(d)
d∑
m=1
m2−1≡0 mod d
∣∣E(x;dv)∣∣

∑
d< X
1/2
c2
μ2(d)3ν(d)
∣∣E(x;dv)∣∣ d∑
m=1
2
1.(logx) m −1≡0 mod d
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SR 
∑
d< X
1/2
(logx)c2
μ2(d)3ν(d)
∣∣E(x;dv)∣∣2ν(d) = ∑
d< X
1/2
(logx)c2
μ2(d)6ν(d)
∣∣E(x;dv)∣∣.
Since E(x;dv)  x
dv
if d  x
v
, we have
SR  X1/2
∑
d< X
1/2
(logx)c2
μ2(d)6ν(d)
d
1
2
∣∣E(x;dv)∣∣ 12 .
By Cauchy’s inequality,
SR  X1/2
( ∑
d<X1/2
μ4(d)62ν(d)
d
) 1
2
( ∑
dv< vX
1/2
(logx)c2
∣∣E(x;dv)∣∣) 12 .
Since X = Li(x)
ϕ(v)
, for sufficiently large x we obtain
SR  X1/2
( ∑
d<X1/2
μ4(d)62ν(d)
d
) 1
2
( ∑
dv< X
1/2
(logx)c2
∣∣E(x;dv)∣∣) 12 .
Using the Bombieri–Vinogradov theorem [3] (given any positive constant e1, there exists a
positive constant e2 such that
∑
d< X
1/2
loge2 x
E(x;d) = O( xloge1 x )) for the last sum and the inequality∑
d<w
μ2(d)36ν(d)
d
 (logw + 1)36 [7, Eq. (6.7), p. 115], we find that for any given constant B
there exists c2 such that
SR  xlogB x ,
where  depends on c2. Since v is fixed and x → ∞, given A there exists c2 such that
SR  XlogA X ,
where  depends on v and c2. 
3. Proof of Theorem 1.1—the sieve part
In this section we use the Selberg lower bound sieve and show that for fixed integers u and v
there is some small real number δ1 and some constant c(δ1) > 0 such that for at least c(δ1) xlog3 x
primes p  x with p ≡ u (mod v), if q | p2 − 1 then either q > x1/9+δ1 or q | v.
Let S(A, z, v) = |{a | a ∈ A, (a,∏p<z, pv p) = 1}|. Let g(t) = 2t2 ∫∞t s( 1f (s−1) − 1) ds for
t > 1, where f (t) = 1e−2γ t2 if 0 t  2 and satisfies the differential equation tf ′(t) = 2(f (t)−8
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obtain that the main term of the upper bound of S(A, z, v) is a function of an arithmetical function
which depends on A, z and v. f (t) is an upper bound analytic estimate of this arithmetical
function. In addition, since the lower bound sieve is just a straightforward consequence of the
Buchstab identity (see [7, Lemma 7.1, p. 204]) we obtain by an analytic estimate the form of g(t).
It follows from [1] that g(t0) = 1 for t0 ≈ 4.42 and g(t) < 1 for t > t0. Then (see [7, Theorem 7.4,
p. 219]):
Lemma 3.1. We have (see Section 2 for the definitions of A and X)
S(A, z, v)X
∏
q<z
qv
(
1 − ω(q)
q
){
1 − g
(
logX
2 log z
)
+O
(
(log log 3X)9
logX
)}
(3.1)
where the O-term does not depend on X or on z.
By Lemmas 2.2 and 2.3, Eqs. (2.2), (2.3) and (2.5) hold. Letting z = X1/9+δ0 , (3.1) becomes
S
(A,X1/9+δ0, v)X ∏
q<X1/9+δ0
qv
(
1 − 2
q − 1
){
1 − g
(
1
2
logX
logX1/9+δ0
)
+ O
(
(log log 3X)9
logX
)}
.
For δ0 sufficiently small, the g-term is less than 1. Then by (2.4) of Lemma 2.2 we have that
S
(A,X1/9+δ0, v) X
log2 X
 x
log3 x
.
Thus for such δ0 and fixed integers u and v we obtain that there is a constant c(δ0) > 0 such
that for at least c(δ0) xlog3 x primes p  x with p ≡ u (mod v), if q | p2 −1 then either q > x1/9+δ0
or q | v. Hence we obtain that for all 0 < δ1 < δ0 there is a constant c(δ1) > 0 such that for at
least c(δ1) xlog3 x primes p  x with p ≡ u (mod v), if q | p2 − 1 then either q > x1/9+δ1 or q | v.
4. Proof of Theorem 1.1—the algebraic part
4.1. Construction of the arithmetic sequence
In this section we want to construct relatively prime integers u and v, such that for all primes p
with p ≡ u (mod v), the discriminant Δ of Q(√Δ) satisfies (Δ
p
) = −1. This means that p is inert
in the field Q(
√
Δ). In addition we want to obtain by the construction that (p
2−1
24 , v) = 1 (since
after sieving the small factors of p
2−1
24 , we may be left with small factors which divide v; see the
previous section).
In order to fulfill these demands, we will first show that there exist infinitely many primes p
satisfying the following simultaneous conditions(−1)= 1 and ( 5)= (Δ)= −1. (4.1)
p p p
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B(p) =
(
1 +
(−1
p
))(
1 −
(
5
p
))(
1 −
(
Δ
p
))
= 0.
Since the Legendre symbol is a multiplicative function, we obtain
B(p) = 1 +
(−1
p
)
−
(
5
p
)
−
(−5
p
)
−
(
Δ
p
)
−
(−Δ
p
)
+
(
5Δ
p
)
+
(−5Δ
p
)
.
Let S be the set of all integers of the form n = (−1)b0 5b1Δb2 , bi ∈ {0,1}. Then
∑
pZ
B(p) =
∑
n∈S
(−1)b0+b1+b2
∑
pZ
(
n
p
)
, bi ∈ {0,1}. (4.2)
We complete the analysis by considering separately the case when Δ = −5 and when Δ = −5.
First we consider Δ = −5. In this case any n ∈ S is not a perfect square if the sum of its exponents
is odd (b0 + b1 + b2 ≡ 1mod 2).
This assumption, together with the fact that for n not a perfect square (by Dirichlet’s theorem
for primes in arithmetic progression)
∑
pZ
(
n
p
)
= o(π(Z)) as Z → ∞,
implies that
∑
pZ B(p) is asymptotic to at least π(Z). This is because all the negative sum-
mands (those where an odd number of the bi are 1) contribute o(π(Z)), the contribution from
n = 1 is π(Z), and the contribution from the “even” n = 1 (those n ∈ S where an even number
of the bi are 1) is positive. This shows that there are infinitely many p that simultaneously satisfy
the conditions in (4.1).
We fix some particular p0 satisfying the condition (4.1), and for each odd prime l = 3 such
that l | 24Δ, we define
ul =
{
p0 if l  p20 − 1,
9p0 otherwise.
Claim 4.1. If l = 3 is an odd prime, then l  u2l − 1.
Proof. If ul = p0 then by the assumption l  p20 − 1, so l  u2l − 1. If ul = 9p0, assume that
l | u2l − 1. Hence l | 81p20 − 1. Since l | p20 − 1, we obtain that l | 80p20. On the other hand, by our
condition ( 5
p0
) = −1 and quadratic reciprocity we have (p05 ) = −1. Hence p0 ≡ 2 or 3 (mod 5).
Since l | p20 − 1 and p0 ≡ 2 or 3 (mod 5) we conclude that l  5. Using the assumption that
l | p20 − 1 we deduce that l = p0. Since l = 2,3, we obtain that l  80p20, which is a contradiction.
Thus l  u2 − 1. l
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but pr+1  n. We use this definition to define two functions on the natural numbers: for p0 an odd
prime, set
u2 =
{
p0 if 8 ‖ p20 − 1,
p0 − 4 if 16 | p20 − 1,
u3 =
{
p0 if 3 ‖ p20 − 1,
p0 − 3 if 9 | p20 − 1.
Let v = 24Δ and let u be the common solution (such a solution exists by the Chinese Re-
mainder Theorem) of u ≡ u2 (mod 16), u ≡ u3 (mod 9) (so u2 − 1 ≡ u22 − 1 ≡ p20 − 1 (mod 8)
and u ≡ u3 (mod 3)), and all the congruences u ≡ ul (mod l), l = 2,3, l | v (hence for all odd
primes l | v (l = 3) we have u ≡ p0 or 9p0 (mod l)). As u and v are fixed, in all the cases earlier
when we worried that constants might depend on u, v, we see things will be fine.
By our construction we have (u2−124 ,6) = 1. Since l  u2 − 1 for every odd prime l = 3 such
that l | v, we conclude that (u2−124 , v) = 1.
As v = 24Δ, if p ≡ u (mod v), then p ≡ p0 (mod 3) (u ≡ u3 (mod 3) where u3 = p0 or
p0 − 3), p2 − 1 ≡ p20 − 1 (mod 8), and p ≡ p0 or 9p0 (mod l) for all odd primes l | v, l = 3. So
(Δ
p
) = ( Δ
p0
) = −1. This completes the construction of u and v when Δ = −5.
Note that by the construction of the integers u and v we have that (u, v) = 1. To see this, take
l an odd prime number such that l | v = 24Δ and assume that l | u. Since u ≡ ul (mod l), l | ul .
Hence l | p0 or 9p0 (in this case l = 3). In other words l = p0. But p0  24Δ (p0 satisfies the
simultaneous conditions (4.1)) and l | 24Δ.
If Δ = −5 we just take
(−1
p
)
= 1 and
(
5
p
)
= −1. (4.3)
By choosing p such that p ≡ 2 (mod 5), p ≡ 5 (mod 16) and p ≡ 2 (mod 9) we obtain that p
satisfies the condition (4.3) and that (p2−124 ,6) = 1.
4.2. The last step of the proof
As we saw in the previous sections, for at least c(δ1) xlog3 x primes p  x and p ≡ u (mod v),
if q | p2 − 1 then q > x1/9+δ1 or q | v. Since (p2−124 , v) = 1, if q | p
2−1
24 then q > x
1/9+δ1
.
Since by the construction of u and v, p ≡ 1 (mod 4) and (p2−124 , v) = 1, we have that p−14
and p+12 are odd (since v = 24Δ, we have 8 ‖ p2 − 1, implying 2 ‖ p + 1 and 4 ‖ p − 1). In
addition if p ≡ 1 (mod 3), since (p2−124 , v) = 1 we have 3 ‖ p − 1. Thus (p−112 , v) = 1. Similarly,
if p ≡ −1 (mod 3) then (p+16 , v) = 1.
If we conclude the result about p−1 and p+1 we have for at least c1(δ1) xlog3 x primes p  x,
p ≡ u (mod v), if q | p−1
d− or q |
p+1
d+ then q > x
1/9+δ1 , where d− = 4 or 12 and d+ = 6 or 2,
respectively.
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generalizes Lemma 2 in [6].
Lemma 4.2. Let a1, . . . , ak be multiplicatively independent algebraic numbers of an algebraic
number field K , and G the subgroup of K∗ generated by a1, . . . , ak . Let P be a prime ideal
not dividing a1, . . . , ak (i.e., a1, . . . , ak are P -adic units). We denote by GP the reduction of G
(mod P). Then for all positive y one can have |GP | < y for at most O(y1+ 1k ) prime ideals P ,
with the implied constant depending only on the ai ’s and K .
Proof. For any real number T denote by M = M(T ) the set of all k-element sequences
(r1, . . . , rk) of non-negative integers satisfying
|r1| + |r2| + · · · + |rk| T .
It is easy to see that |M(T )| = (c+o(1))T k with suitable positive constant c = c(k). If now P
is a prime ideal for which |GP | < y, then select T to be the smallest rational integer with cT k >
2y. Since |GP | < y and for sufficiently large T we have |M(T )| > y, so that |GP | < |M(T )|,
there exist two distinct sequences by the pigeon-hole principle Z = (zi), W = (wi) in M(T ) for
which
P | az11 · · ·azkk − aw11 · · ·awkk = D = 0.
Hence for sufficiently large P (since the ai ’s are multiplicatively independent)
νP
(∏
a
zi−wi
i − 1
)
 0,
where νP denotes the P -adic valuation, and it follows that for fixed z1 − w1, . . . , zk − wk we
obtain  log(maxj |aj |2T )  T possibilities for P . Finally we obtain
∣∣{P ∣∣ |GP | < y}∣∣ T 1+k  y1+ 1k . 
Now we want to use Lemma 4.2 with the sieve lemma, Lemma 3.1, to prove Theorem 1.1.
Using the idea in Remark 1.2 we divide the proof into two cases: the p−1 case and the p+1 case.
Given 113 integers in K = Q(√Δ), satisfying a certain simple restriction, we prove that there
exists at least one, say α, such that N(α) = ασ(α) has order at least p−1
d− and M(α) = σ(α)/α
has order at least p+1
d+ . Consider the p − 1 case (the case of p + 1 is similar and follows by
replacing p − 1 by p + 1 and d− by d+). We have for at least c1(δ1) xlog3 x primes p  x, p ≡ u
(mod v), if q | p−1
d− then q > x
1/9+δ1 where d− = 4 or 12. Let p − 1 = d−q1(p)q2(p) · · ·qm(p),
qm(p) qm−1(p) · · · q1(p), m 8, and let a¯ be the image of a in F∗p .
Let Sn = {a1, . . . , an} where a1, . . . , an are multiplicatively independent rational integers.
Take eight rational integers ai1, . . . , ai8 from Sn and assume that at least one prime, say qj1(p),
j1 ∈ {1, . . . ,m} (it is greater than x1/9+δ1 ) divides [F∗p : 〈a¯ik 〉] for k = 1, . . . ,8.
Then |〈a¯ik 〉| = p−1[F∗p :〈a¯ik 〉]  p
8/9−δ1  x8/9−δ1 , k = 1, . . . ,8. Since qj1(p) divides [F∗p :
〈a¯ik 〉] for k = 1, . . . ,8 and F∗p is a cyclic group, [F∗p : 〈ai1 mod p, . . . , ai8mod p〉]  x1/9+δ1 ,
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O((x8/9−δ1)9/8) = O(x1−9δ1/8) primes p  x, which is a negligible number relatively to
c1(δ1)
x
log3 x for sufficiently small δ1.
So for at most seven integers from ai1, . . . , ai8, qj1(p) divides [F∗p : 〈a¯ik 〉]. In other words,
for at most seven choices from ai1, . . . , ai8 we have that qj1(p) (j1 ∈ 1, . . . ,m) does not divide
|〈a¯ik 〉|. Hence for at least one integer, say an, qj1(p) divides |〈a¯n〉|.
Denote by Sn−1 the set {a1, . . . , an−1}. By repeating the former process for Sn−1 we obtain
that for at least one integer, say an−1, qj1(p) divides |〈a¯n−1〉|.
We continue this process until we obtain the set T1 = {a8, . . . , an}, where a8, . . . , an are mul-
tiplicatively independent integers such that qj1(p) divides |〈a¯t 〉| for t = 8, . . . , n.
We repeat this process for qj2(p), j2 ∈ {1, . . . ,m}, on the set T1, and obtain a new set T2 =
{a15, . . . , an} such that qj2(p) divides |〈a¯t 〉| for t = 15, . . . , n.
Again, by repeating this process for qjm(p), jm ∈ {1, . . . ,m}, we obtain a set Tm =
{a7m+1, . . . , an} such that qjm(p) divides |〈a¯t 〉| for t = 7m+ 1, . . . , n.
Since the maximum value of m is 8, if we take n = 7 ·8+1 = 57 multiplicatively independent
integers we obtain that at least one of them has order at least p−1
d− .
For the p + 1 case, let us look at the algebraic number β = σ(α)/α where α is an integer in
K = Q(√Δ). In this case the maximal order of β is p + 1 mod (p). By Lemma 3.1 we have
for at least c1(δ1) xlog3 x primes p  x, p ≡ u (mod v), if q |
p+1
d+ then q > x
1/9+δ1 where d+ = 6
or 2. Let p + 1 = d+r1(p)r2(p) · · · rk(p), rk(p)  rk−1(p)  · · ·  r1(p), k  8, and β¯ be the
image of β in F∗p .
Let Sn = {β1, . . . , βn} where β1, . . . , βn are multiplicatively independent algebraic integers.
If we take n = 7 · 8 + 1 = 57, a similar argument yields that at least one of them has order at
least p+1
d+ .
Now, consider R = {α1, . . . , α113} where α1, . . . , α113 are integers in K = Q(
√
Δ) such
that the norms N(αi) = αiσ (αi) of the αi ’s, are multiplicatively independent and the numbers
M(αi) = σ(αi)/αi are also multiplicatively independent. Choosing the first 57 elements from R,
α1, . . . , α57, by the above procedure at least one of N(α1), . . . ,N(α57), say N(α57), has order at
least p−1
d− . Considering N(α1), . . . ,N(α56),N(α58) we have that at least one, say N(α58), has
order at least p−1
d− . If we continue with this procedure we obtain that the order of all the elements
in {N(α57),N(α58), . . . ,N(α113)} is at least p−1d− . On the other hand, by the above procedure
at least one of the 57 following elements M(α57),M(α58), . . . ,M(α113) has order at least p+1d+ .
Hence, there is at least one element from R, say αij , such that the order of N(αij ) is at least
p−1
d−
and the order of M(αij ) is at least
p+1
d+ .
Thus by Remark 1.2 at least one of the 113 choices has order at least p
2−1
2d−d+ =
p2−1
48 . This
completes the proof of Theorem 1.1.
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